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I. INTRODUCTION

One of the basic categories of control theory is termed the estimation
problem., It has to do with the problem of estimating the states of a sys-
tem in a stochastic environment; that is, by means of operations befformed
upon the output measurements of the system, estimates of the stochastic
signals and/or stocﬁastic disturbances are formed, The qperations are
functions of the statistical properties of the signals and disturbances,
the nature of the system, and the relationships of the meésurements to the
system, as determined by the solﬁtion of some criterion for what consti-
tutes good, or optimum, estimates, |
| The initial significaht work on this problem was by Wiener (7) who
developed the condition to be satisfied for optimal estimation in a mean-
squared-error sense; this condition is generally referred to as the Wiener-
Hopf integral equation. He also developed the solu@ion for the case of
stationary, Gaussian statistics. This work and further extensioné and
modifications by others are known as "Wiener filters", The use of trans-
formations into the frequency domain characterizes much éf the work, and
the results are usually implemented as linear, analog-type filters., Non-
time~étationary and multiple input-output problems are difficult to solve '
by the Wiener approach. | .

Kalman (3) trezated this estimation problem from a different ﬁoint of
view ;nd formulated fhe equiialent of the Wiener-Hopf integrallequation as
a vector-matrix diffgrential equation in state space. He developed the
solution for the discrete, linear system with Gaussian statistics as a set
~ of vector-matrix recursive relationships which are commonly termed the

"Kalmen filter". The advantages of the Kalman filter are that the



computatiéns are performed recursively, in the time domain (thereby being
well-suited for handling.by computers), and are readily applicable to non-
stationary and multiple input-output systems. |
A host of study areas are closely relatéd to, or are sub-categories of,
the Kalmah—filter theory; éome of them treat problems of stability, sensi-
. tivity, smoothing, prediction; effects of different types of sampling,
linear approximations, system identification, and parameter estimation,
It is this last topic which is the subject of this dissertation, so further
explanation is in order. It is assumed that é Kalman filter is to be ‘
developed for use on some linear system about which thelfollowing state-
ments can be made: |
.~ 1. The system is completely specified, including the "filters" neeﬁed
to convert Gaussian "white-noise" sources into the actual inputs.
2. The measurement device is specified; |
3. The root-mean-square amplitudes of the inputs may or may not be
known, |
L., The measurgment errors have Gaussian, time-independent statistiecs
with zero me;ns and variances which may or may not be known.
'In order to apply the Kalman filtér; the covariances of the measurement
errors and the inputs are required. If either; or both, covariance matrices
are unknown, due to lack of information as mentioned in parts 3 and b
above, then covariance parameter estimation must be employed.
Methods are developed in the later sections which enable one to make
estimates of the ﬁecessary covariance parameters when the measurement-
érrqr and/or the input covariances are missing. These estimates cause the

Kalman filter to be adaptive to unknown statistics, provided the statistics



do not fluctuate too rapidly. The estimation of the covariances of measure-
ables is'covered in nearly any standard text on statistics,.but so far as

is known to this author, no literature exists which expands the concepts

to enable estimation of the two principle covariance matrices associated
with the control—systeﬁ and measurement equations.

The prinqiple of maximum likelihood is used as a starting point for
the development of the estimation equations, Certain compfomises are made
in order to obtain usable resu;ts. Several situations are studied, per-
taining to which particular set of covariances is sought, measurement
redundéncy, observability of the system, etec, For each situation, two
estimation equations are developed and examined; one being rather crude
but easy to apply, the other holding promise of greater accuracy, but

being significantly more elsborate.



II. REVIEW OF KALMAN FILTERING
' A review of Kalman filtering would seem to be in order, primarily
so that many of the necessary symbols can be properly introduced and
defined. In addition, the Kalman-filter results are required later.
The system itself is characferized:by a vector-matrix differential
equation (6,8),
%(t) = A(t)x(t) + B(t)u(t) | NG
where x(t) is a k-vector of the state variables
u(t) is an m~vector of the Gaussian white-noise, independent
inputs |
A(t) is a k-by-k coefficient matrix for the system
B(t) is a k-by-m input matrix.

The general solution of this equation is expressed as

t
x(t) = @(t,to)x(to) + [ o(t,t)B(t)u(r) dr (2)
' t
0
where ¢(t,to) is the k~by-k transition matrix.

For convenience, the integral in the general solution is generally

designated by a k-element response vector, which will be defined here as

% ,
g(t,to) = [ e(t,t)B(7)ulr) dr (3)
%
0
Thus x(t) = ¢(t,to)x(t0) + g(t,to) | ' : S (4)

‘The measurements are related to the states of the system by the
equation
y(t) = M(t)x(t) + v(t) | (5)

where y(t) is an r-vector of the measurements



v(t) is an r-vector of the measurement errors
M(t) is an r-by-k measurement matrix,
Since the measurements are made at discrete instants of time, & sub-
script notation is used in.the equations to deséribe the system and the

measurement relation at the times of the measurements.,

yn = Mnxn + Vn

(6)
3 = ¢nxn-l * €n
& T g(tn’tn-l)'

a

The circumflex, , and the tilde, N, are used to denote an estimated
quantity and an error quantity, respectively. Thus the state vector, X

can be expressed as the sum of an estimate and an estimation error.’

xn=xn/j+§n/j | (7)
The subsecript n/j denotes that the variable was obtained aszhe result of
an estimation of the state at time tn by ﬁsing measurements made up to
is commonly termed

and including those at time t If J > n, then xn/

J° J
the a posteriori estimate of X e If J < n, then ;n/j is called the s
priori estimate of in' Another way to classify the various situations is
to say that if j = n, then filtering is being accomplished; if jJ > n, it
is smoothing; and if j < n, it.is predicting,
The Kalman filter equations can be derived by,severél different

apéroaches. Some of these are summarized and compaped by Lee (4), A
method divised by Battin (1) relies on assuminé the form of the estimate

‘ % v ) (8)

as *n/n =~ *n/n-1 * Wﬁ(Yn = Yn/n-1



where Wn is a k-by-r weighting matrix,

*n/n-1 " Qn ¥p-1/n-1

~ ~

yn/n--l = Mn xn/n-l

(9)

and Wn is determined by minimizing the estimation~ecrror variances of the

states. By definition,

_ n n T ’
Pty = E[xn/J xn/j] . (10)

is the estimation-error covariance matrix of the states, so the criterion
is

3 tr[Pﬁ/n]

= =0 (11)
n

When this operation is carried out, a set of recursive equations are ob-

tained which, with equations 8 and'9,consfitute the Kalman filter,

_ T T -1 N
Wy = n/n-1 M (Mn Pn/n-l'Mn * Vn)
P =9 P 8 + H (12)
n/n-1 n n-l/n=1 n n
_ | T T
Pn/n B Pn/n-l B wn(MnPn/n-l Mn * Vn) Y _
where Vn = E[anE]’ the measurement-error covsariance
ﬁ = Elg gT] the response covariance
n n“n-?
T .
and 0= E[vigj], for all i, J
T .
0 = E[v,v. ], for 1 # J
i
_ T . .
0= E[gigj], for i # J.

The parameters which must be known in order to apply the Kalman fil-

ter are the transition matrix, ¢, the measurement matrix, M, the measure-



ment-error covariance matrix, V, the response covariance matrix, H, plus
initial conditions. If any éf these quantities are inaccurately known,
but are used in these equations anyway, the resultant estimates of the |
states will not be optimum and the estimation-error covariances will be
inaccurate.

Methods for estimating V and/or H are developed in the sections

which follow,



III., SELECTION OF THE ESTIMATION CRITERION

In order to make estimations of the V and/or H matrices, a criterion
must be selected. For example, the criterion used in eection II for the
developmenf of the Kalman filter was the minimization of the sum of the
estimation-error variances with respect to the weighting matrix. A com~
momly;used statistical meﬁhod of estimation is known as the.principle of
maximum likelihood (5), and it would appear that this method offers a way
to approach the ?roblem. '

The likelihood function is the probability density function of the

' measurements, conditional upon the quantities to be estimated. For a
Lo-

single measurement vector, Yo the likelihood function is simply the

Gaussian density function for a variable with zero mean,

Lty
. _ 1 2%Yn "n Yn’
P(yn) = T T e | (13)
2. 2
(2n) IYnl
where
_ T, _ T
Yn - E[ynyn] - ManMn + vn
(1k)
_ T, _ : T
Xn N E[xnxn] B ann-lQn * Hn

For two measurement vectors, Y, and Ypo1? it is a jJoint density function,

p(yn’yn-l) = p(ynh"n--l).p(yn-l)

1,T -lN
1 '5( n/n-l n Yn/n- 1) (15)

where



m ~
Yn/n-1 = Yn " Yn/n-1

T (16)
Cp = Mth/n-an * v

For larger numbers of measurement vectors, the likelihood function is a
Joint density function of increased complexity, but still it can be ex-

pressed without too much trouble by extension of the previous work.

p(yn,y

n_l’“,' ,yi) = p(ynlyn-l""’yi) p(yn-l""’yi)

1, T -1
-5{r;Y )
e

rof -

i"i Y1
T -1~
C.m¥.yi,)
=1 -1
J 3 T3/ ] (17)
Suppose that an estimate for Vn is desired. If the single-measuré-
ment likelihood function is maximized with respect to Vn and solved for
the estimate, Vn, there would appear to be no problem. But if a multi-
measurement likeliheod function is similerly maximized, the solution for
s 4
Vn depends upon Vn-l";"vi which are not known. The proper procedure
would be to maximize the likelihood function with respect to all the V's
involved, Vn’ Vn-l""’vi’ and solve the resulting set of n+l-i vector-

matrix equations for the V's; or, if it were known that V were constant

or very nearly constant, replace V_, V

n n-l""’vi by just V, maximize with

respect to V, and solve the resultant high-order equation for V., Neither
of these procedures is feasible for any nontrivial system.
The objective is to obtain relatively simple expressions for the .

estimateé; expressions which are recursive would be especially useful for

computer applications; Since it is not practical to form estimates of
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-

v Vi at the same time Vn is being estimated, then previously ob=-

n-l’.‘.,
tained estimates must be used, Vn is incorporated into the nmulti-measure-
ment likelihood function only by way of the factor P(ynlyh-l"°°’yi) so

maximizing the likelihood function with respect to Vh is the same as maxi=-

mizing this conditional probability density function, The procedure can

thus be expressed as performing the following operations and solving for

-~

V.
n
d P(y IY ’°"sy-)
n nvl 1 | = 0 (18)
n V >V '
n n
Pn/n-l > Pn/n--l
where
P =P '
n/n-1 n/n-1 - o - -
' Va1 ” V1o P:l-l/n-2 > Poe1/n-2

el s [an "average" of.Gn_l,...,Gi]
The "average" will be discussed further in the next section.

Entireli similar expressions can readily be made if Hn is to be
estimated. Due to the dependence of Xn upon Hn,Hn_l;...,Hz,Hl,,even use
of the single-measurement likelihood funetion must rely upon previous |
estimates of the H's,

Thus there are ﬁwd possible ways of fprming estimates of the covari-
ance matrices, One way is to simply maximize the.single-measurement like=-
lihood function, p(yn), to form estimates for each of the measurements,
and then average. The other is to maximize the conditional probability
density funCﬁion; P(ynlyn-l’°"’yi)’ to form estimates, and then average.

The first is overly simple, but useful in some respects; the second ought
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to result in better estimates, but at the cost of added complication. In
order to avoid confusion with the normal method of maximum likelihood
estimation, these two estimation methods will hereﬁfter be referred to
as maximum-probsbility (MP) estimation and maximum-conditional-probability

(MCP) estimation, respectively.
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IV, ESTIMATION OF THE MEASUREMENT-ERROR COVARIANCE
The first situation to be postulated is one in which all the para=-
meters necessary to the Kalman filter are known, except for the measure=-

ment-error covariance matrices, the V's,

A, Maximum=-Probability Estimation of V
'The MP estimation of V involves the performance of the following
operation,

3 p(y.)
T‘V‘n_ ‘ : (19)

V v
n n

It
o

and solving for Vn‘ The differentiations of various matrix expressions
by matrices are performed in Appendix A and the results of part 9 have

direct bearing on equation 19, leading to

-l -1 T -1
0=Y =-Y yy Y . (20)
n nnnnv#V
nn
T
0=Y -yy "
n nnv+v
nn
s T T
n_ Yp¥n ~ ManMn S , : (21

As can readily be seen, this is quite a rough ésfipate of Vn sincé'
only one measurément vector, Yo is used, In fact, as it stands, some
of the major diagonal elements of Gn mey be negative-=valued unless an
additional restriction is imposed., However, this is of no great concern
since it is highly unlikely that such a simple estimaté would ever be used
by itself as a reasonable estimate of Vn.

The expected value of this estimate is
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IS T T
L[Vn] = E[ynyn - ManMn]
=Y -MX MT
n nnn
= Vn (22)

so the estimate is unbiased., The variance of the estimate is en item of-
interest, but'just what is meant by the word "variance" when it is applied
to a matrix? Here it will be used to denote a matrix whose elements are
the vafiances of the corresponding element; of the estimate., In this
instance, it is

(variance of Vn). E[(Vn-Vn)*(Vn-Vn)]

Y #Y c[Yn]-c[Yn]T (23)

The non-standard matrix operations, # and c[ ], are explained in Appendix
B. The evaluation of the variance is performed in Appendix C, part 1,

The variance matrix is useful for an element-by-element examination
of the estimate, but what is usually sought is a scalar measure that shows
Just how closely the entire estimate comes to agreeing with the parameter
being estimated. In section II, such a méasure for the estimate of the
state vector was the trace of the state-error covariance matrix, ‘A similar
measure can be specified for the estimate of the measurement-error covari-
ance matrix. Ifri; the trace of the expected-value of the quadradic
estimation—efror matrix, By quadradic estimation-error matrix is meant the

product, (Vn-Vn)(Vn-Vﬁ), and the expected value of this is

EL(Gn-vn)(Gn-vn)] = YnYn * Y tr(Yn) (24)

as developed in Appendix C, part 2. Each major-diagonal element of this



1k

matrix is the sum of the variance elements of the corresponding row or
column of the variance matrix. Thus the trace of this matrix is equal to
the sum of all the variance elements, This measure will be referred to

as the (norm)? of the estimation variances,
2 : . - 2
[(norm)© of the variance of Vn] = tr(YnYn) + [tr(Yn)] (25)

In some respects the variance matrix is quite useful, bﬁt the quadra-
dic matrix uses conventional notation and so is easier to manipulate, The
(norm)2 can be expressed as either the trace of the expected quadradic
matrix or as the variance matrix, pre~ and post-multiplied by the unit
vector (see Appendix B).

By way of comparison, note that if the measurement-error vector, Vo

were directly available for use in estimating Vn by letting Vn = vnvg,
then the corresponding equations would be
(variance of V.) = V #V_ + c[V Jec[V ]T :
n nn n n
E[quadradic of (Vn-Vn)]~= Vn-Vn + Vn tr(Vn) (26)

2 : 8 . 2
[(norm)“ of variance of Vn] = tr(Vn Vn) + [tr‘Vn)]

s

l, Averaged estimation for time-stationary V

The usual estimation procedure, when it is knbwn that the measurements
are independent and the statistics are time-stationary, is to form an
average, For example, if a number, m, of the measurement-error vectors
were available, the principle of maximﬁm likelihood would automatically

lead one to the development of a "best" estimate that is

=

(V) V=21 (vv), (27)

i o

best i=1
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t(norm)2 of variance of V] = %{tr(V'V) + [tr(V)e] _ (28)

Similarly, it would seem likely that an average of the individual
estimates obtained from the measurement vectors would be a better overall

estimate of a time-stationary V.

n ~
V:-];E (V_):.J;
n py n .
i= . i=1l

(yy" - ) =2V« (BELT 0 (20)

n ™

Since the measurement vectors are not independent, the expression for the

norm will involve cross-product terms.

[(norm)® of ¥ - variance] = tr[m{[i z (V. 1)1 [- : (vj-v)]}]
g i=1 J=1

1 n i-=1 .
== tr{E[ z (v -V)(V ~V)] +2E[z ¢ (v -v)(vj-v)]} (30)
i=1 i=2 J=1

These cross-product terms can be evaluated as follows:

BTNV, 1)1, E[(ny-Y)i(ny-Y) 1= El(yy")y (")) - 1Y,

TT T
M @ oo [x (¢j+l @iMiMJ) xJ

+ X tr(@T .p, M M X, )]M

J g’

A T
(Mi¢i-v j+lXJMJ)[(M o, J+liMJ)

T
+ I tr(Miéi ., X MJ)]

J*+13

Therefore,
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n
[(norm)2 of V; - variance] = -—{ z [tr(Y Y, ) + (t;[Y ]) ]
n i=1
n i-=1 T
+ 2 52 jEl[tr{(n PR J+l jMJ)(M o, j+l MJ)}
+ {tr(M 0, 0000 415y j)} 1} )(31)

The number of terms to be handled varies as n2 and the coefficient of the
overall experession is EE’ so convergence of V; to the value V is not

' n
automatically guaranteed. The requirement for a system to be asymptotical-

ly stable (8) is that the expression (@i"-¢ ) approach the null matrix

J+1
- as the difference between i and j becomes large. Thus, if the system is
asymptotically stable, the cross-product terms in the equation for the
norm become insignificant if i>>J and the remaining terms do not increase

in magnitude indefinitely, so convergence does occur.,

2. Averaged estimation for slow=time=varying V

For those instances where V may be, or is known to be, slowly Varying
with time, other "averages" are more appropriate. The average used should
have the property of being unbiased and should produce a result that de-
pends most strqngly on the latest measurements.

a, Truncated average This average incorporates only the "p" most-

recent estimates,

- 1 B A S
V. _==.1I (Vv.) yp<n -
nsp P isn-p+l ~
(32)
=iy 47 _iy
P n n-13p P n-p

As can be seen though, this average, when expressed in the recursive form,



17

requires that the most-recent p+l estimates of V be kept in a "memory".

b. Exponentially-weighted average .By assigning exponential

weights to the measurements as follows, the more recent measurements tend

to determine the nature of the result,

1
_ "7 |n . 2%
v_ ) =& s (Vv.e P)
n;p n+l{. i
exp. - —5-.1=1
1-
I 4 > (33)
L] _n
e - b
_ l=e l-e 7
- oil'n T n+l (Vﬁ—l;p)
- — - — exp.
‘l'e P’ l-e ¥ )

This average avoids the need for "memory", but the evaluation of the ex-
ponential terms may be disadvantageous,

c. Limiting case of exponentially-weighted average If the "p"

used in the exponential average is allowed to become very large, then that

average becomes

Vv
( nsp

<3

2L )

) = n P n=l;p

exp.lim,

(34)

el Ty

exp;lim.

Exemination shows that this average is valid even if p is not large.
The e#pression'for the norm can be determined readily for the truncat-

ed average, but some complicafions arise for the other two averages., Tﬁe

requirement for the system to be asymptotically stable in order for con-

‘vergence to occur also holds for these averages,

B. Maximum-Conditional=-Probability Estimation of V
The MCP estimation of V involves the performancé of the following

operation,



] P(y |y 3"'3y) :
n'vn-1 1 -
n VvV >V
n n/n

Pn/n—l M Pn/n—l
and solving for Vn. Carrying out the differentiation results in the

expression

_ -1 =1nv AT -1 -
0= Cn -Cn yn/n-lyn/n-lcn Vﬁ M Vn/n : (36)

Pn/n--l > Pn/n—l
and

» N AT

_ - T
Vn/n = Yn/m-1Yn/n-1 " MnPn/n—an (37)

If the initial state estimation-error covariance, Pl/O’ is known then

B[V, , 1=V (38)

1/1 1

and by induction, using the recursive equation-set 12,
By, 1=V, | - S (39) -
Thus this estimator is also unbiased.
The variance matrix and norm cannot be eésily evaluated for this
estimate because §;/n-l depends upon all the.preceding estimates in qﬁite
a complicated fashion, However, since Pn/n—l is optimum, the minimum

possible norm would occur if Pn/n—l equaled Pn/n-l' Thus
. 2 ~ . _ : 2
[ (norm)© of Vn/n - varlance]min. = tr(CnCn) + [tr(Cn)] (ko)

It may be noticed that Yn and Cn differ only to the extent that the

Xn in the Yn expression is replaced by the-Pn/n_l in the Cn expression:
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Y =V +MX MT
n n n'nn
r (h2)
Cn = V +M Pn/n an
and, since
(B 1P nen) S (X X)) (k2)

The MCP estimator should be better than the MP estimator, provided that

n/n-l

of measurements are available. In a particular situation, a running

does not exhibit poor "transient" behavior when only a small number

evaluation and comparison can be made of X and P n/n-1 so that a decision
can be made as to which estimation method<should be used.

The sequence of steps to be performed for making MCP estimates of

the V's of a particular system is as follows:

1. Determine the initial state vector, Xys as accurately as‘possible,
usinglwhatever technique is available, Also determine the co-
variance matrix for the error in this estimate of X, as well as
the circumstances permit; i.e., estimate PO/O‘ )

2. Calculate these predictions:

X170 © ¢1Xo" Y10 © E xl/O’ y1/0 ' = Y1/0
P, = or +.H

1/0 l 0/0 1 1

3. Estimate V_.
4, Torm an average estimate for Vl' T

where Vb

weight that indicates the degree of confidence in Vb with respect

is an initial rough estimape of V, and q is a scalar
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a

to Vl'

Calculate ﬁi.

-— T

W) =By oM (M 1otV )™+

Note that V. cannot be used in place of V. in this expression

1 1
bec then (M P T ev.) =%, ¥  which is singul
ecause en 1/0 1 = yl/oyl/o wihic 1S s:.ngu ar.

- - .
Pl/l = Pl/o - w (M 1/0 + V. )wl
X121 = %170 T %1170
Pop = 1/1°2 +

X1 = X1 0 Yoy T ¥oXpyy 0 Yoy TV~ Vo

. AT P~
Vo = ¥50 Yp1 — ¥ P2/1 2

Form an average estimate for V_, in any of several different ways,

2

depending upon whether V is, or is not, known to be time-

stationary. For example, 5
T oLy v a+l

is a suitable average -if V is time-stationary.
Continue in this fashion by cycling back to step 5 and increment-

ing the subscripts by one.
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V. ESTIMATION OF THE RESPONSE COVARIANCE
The situation postulated in this section is that all the parameters
necessary to the Kalman filter are known, except for the response co-

variance matrices, the H's,

A. Maximum-Probebility Estimation of H

The MP estimation of H requires the performance of the following

operstion,’
3 ply,) ' :
-_a-I-I-n—_ A =0 ()43)
H -+ H ’ : .
n n
Xh-l > Xn-l
where
C =. T , =
Xi = ¢ixiél¢i +,Hi
The result is
T -1 7. -1 |
0=MY (Y -y y )Y M R , (4k)
nn 'n n'n’Tnong, H
n n
xn-l M Xn-l-

The nature of the solution for ﬁn dependé greatly upon the dimensionality
of the measurement matrix, Mn’ Mn is an r-by~k matrix and, for convgnience,
it will be assﬁmed that it is of maximuﬁ possible rank; that is, the rank

is either r or k, whichever is smaller., The descriptive names applied to
M are: "square" if r equals k, "horizontal" if r is less than k, and -

"vertical" if r is greater than k.
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l. Solution when M is square

When Mh is square, the solution for Hn is quite simple.

_ T
0= (Yn - ynyn) . R

+H
n n
Xn-l M Xn-l
S T = T.T
MEM = Vs - Vn ~ M8 ®
~ -1, T =TT, Tl '
H = (Mn) (v, =V, - Mn¢nxn_l¢nmh)(Mn) (45)
If the initial state covariance, XO, is known, then
E[Hl] = i ' 4 (26)
and by induction,
B[H ] = H_ (47)

so the estimators are unbiased for known initial conditions.
The norm, for n equal to 1, is developed in Appendix D, part 1.

1l

~ "l -
[(norm)2 of H, - variance] = tr[(M-lYMT )l(M-lYMT )

1 l]

1

T )1

+ [tr(M-lYM ]2 (L48)

It becomes convenient to define a certain function as follows: Let

Lo

1(2] = tr(z-2] + [tx(2)]? | (49)
Then equation 48 can be expressed more compactly as

1

[(norm)? of 1 - variance] = T[(M‘1YMT )l] (50)

1

The norm for other values of n depends upon Just how X is formed. The
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' - - T - -
: s = + i
estimate of Hn involves Xn—l Qn—lxn-2¢n-l Hn-l’ where Hn—l is some

- "

sort of an average of Hn-l’ Hn-2’ etc., This average greatly complicates

the expression for the norm. However, if the worst-possible average is

-

1= Hn—l’ then the norm can be determined rather easily,

used, namely ﬁ;_
as shown in Appendix D, parts 2, 3, and kL,

1

2 .0 . — miy=ly T T
[(norm)® of H - variance] ~=TIM Y M ]-2T[¢ X .o ]
1. ol
+To M —Y M 0] (51)
. - e = _ - T o
~ The norm of the variance of Hn, with Xn-l = ¢n-lxn-2¢n-l + Hn-l’
is expressed as .
. 2 .._‘ l n ~ l n Py
[(norm)“ of H - varlance]max = tr{E[H-.E (Hi-Hi)°E- E (HJ-HJ)]}
i=1 J=1
l n AH -~
= —5—-tr{E[_§ (Hi-Hi)(Hi-Hi)
n i=1l
n i-l , R } '
+2 £ & (BE.-H)(H,i-H)]} (52)
j=2 g=1 * 3

But, results obtained in Appendix D, part 5, show that many of the cross-

-

product terms are zero, so

n ) : ~
L (H-H,)(H,-H)

2 = . _1
[(norm)“ of H - varlance]max = ~ 't:r{E[i-l

n . -
+2 (Hi-Hi)(H )1} (53)

-H
1m0 =111
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l -1

1. B wE ol
= ;E{iﬁl[T[M y, M ]+ e, Ml 1Yy M 195

n
T
- 2T[¢1X ¢i]] + 2 iiz[T[Qixi_l]

-1

elepfly, 10 | (sh)

Since the number of terms varies as some multiple of n and the overall .
summation is multiplied by 25, then at least one requirement for conver-
gence of ﬁn is satisfied. ?f, also, the system is asymptotically stable,
then ﬁ; does converge to Hn‘

There are a few points which should be ekamined if a number oflesti;
mates of H are to be averaged together in the expectation of converging
towards the true response matrix. For the averaging process to be at all

successful, H must be virtually constant during the effective averaging

period, Examine the complete equation for Hn:

t t

Ho= [0 [ e(t,t)B(ryElu(r uT(r,)]
tn-l tn-l
. BT(12)¢T(tn,12)drl ar, (55)

Those factors which must remain virtually constant (assuming that a varia-
tion in one factor is not offset by variations of others) are the interval
between measurements, the transition matrix for a full interval, the iﬁput
matrix, and the input variances.

2. Solution when M is vertical

When Mn is vertical, i.e., redundant measurements are made, the solu-

tion of equation Ll for Hn is a bit more difficult, A matrix identity
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from Appendix E is used to convert equation Ll to a form which can be

simplified by pre-~ and post-multiplications.

Myt = uT(md” + g)~t (56)
where
Qn = Vn + Mn¢nxn-l¢§Mg (57)

SO

Wyt = me e ¢ B Mt : (58)

Equation U4k becomes

0 = (g m + 1L 1l (yayyT)
- QMg + w7 .
n
H »H
n n
-1 X1 (59)
which can be reduced to
T - -
0 = e vy |,
H > H
n n
X .+X (60)

and solved for’ﬁA‘
o= ([0 ™ e vy ™-a)

« Q70 )y _ (61)

-1 " %

The only difference between this equation and equation 45, for which M is

square, is that M;1 has been replaced by [(MTQ-IM)-IMTQ-l]n. Thus all of
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the results obtained in the preceding sub-section are valid when M is
vertical, provided this subsfgfution is made.

It would seem that this estimator has the serious disadvantage of
being too difficult to use, except on very simplé systens, |

a. Alternate estimation method Since the direct application of

tbe MP estimation method leads to a result of some complexity when Mh is
vertical, it may be advantageous to invesﬁigate an alternative. Let the
MP estimation method be applied to finding an estimate for (MHMT)n and

then solve for ﬁn' Thus, instead of finding an estimate of the H matrix
which is "most likely?, an estimate of the H matrix is found that causes

the estimaste of (MHMT) to be "most likely".

3 ply)
T =0 . (62)
3 (MHM )n R
H > H
n n
| el * X1
0 = (¥ -y )yt . -
' By > Hpw X 2 xn-l
T, _, T
(), = =8)y|
n-1 n-1
B = ([0 ™ vy -0) M0 ™ ]} _ (63)
. X . =X
n=-1 n-=1

This result differs from the_MP estimate of Hn only to the extent that the
Q-l factors have been eliminated, so once again all the results obtained
in the sub-section covering the square M-matrix case are valid if M;l is

replaced by {(MTM)-IM?]n. The elimination of the Q-inverses should greatly

ease the computational task.
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3.__Solution when M is horizontal

When M is horizontal, the system is not observable (4L,6), and there

is an infinite set of right-hand inverses for it. Thus, equation Lk

reduces to

O:Y-yy N
n ‘n’nl,. , -
Hn > Hn’ n=1 > xn-l
MEM =y y -Q (64)
nnn n'n n -
X . »>X
n-1 n-1

At this point it is seen that ﬁn cannot be found uniquely since there is
no way to pre- and post-multiply (MHMT) such that M and MY are eliminated.
This is equivalent to/phe ordinary algebraic situétion,of having more un-
known quantities (corresponding to elements of ﬁn) to be determined than
there are independent equations. This does not mean that Hn cannot be
estimated. On the contrary, an infinity of estimates can be made. It
Jjust means that there is no way of knowing how good any particular esti-
mate is, unless other information is supplied. Any of these estimates can

be represented by

S o T — | T ‘
H = [right-hand inverse of Mn](ynyn-Qn)[right-hand inverse of Mn] (65)

Among the infinite set of fight-hand inverses of Mn is one that causes the
(norm)2 of the variance of Hn to be minimum, but there is no way of find-
ing it unless Hn is already known,

One particular estimate that is unique in a certain respect is obtain-

ed by letting the right-hand inverse of M_ be [Mz(MnME)-l], the general
inverse. This results in an estimate for H_ that is "minimum norm" (2);

that is, tr(Han) is smaller when using the general inverse than when
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using any other right-hand inverse. This estimate may lead to some in-
sight about Hn’ but it is doubtful that it is of much real use,

The sort of additional information needed to obtain a unigue and use~
ful estimate of Hn is prior knowlédge of part of the Hn matrix, To see

this, partition Mn and Hn as follows:

MT

T
(")

IM aa ab

a
I
Hab be n' Mb

n

T

(MaHa M be MbHab a * Mbebe) . (66)

If the elements of the matrices have been arranged so that only the

elements of (H ) are unknown, then
aa’n -

L i '
(MaHaaMa)n = ynyn - - (M i be MbHab [} + Mbebe)n ' (67)
=y - an‘f ; (68)

Now, if (Ma)n is either square or vertical, (Haa)n can be determined by

*
the methods already developed; simply replace M by (Maa)n and Q by Q.

B, Maximum-Conditional-Probability Estimation of H
The MCP estimation of H requires the performance of the following
operation,

3 P(Y [y, qseeesyy)
2 g = =0 (69)

P-i/n-1 * Fuei/n-1

where
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Pn—l/n—l = Pn—l/n—l

B ™ Hog 0 Proomen ™ Puoo/nas

The result is

A _ (70)
Hn M Hn/n ? Pn-l/n-l > Pn-l/n—l

0= n n (Cn yn/n lyn/n l lM

Due to the similarity of. this equation to equation bk, the solutions for

H are similar in form to those obtained for Hh’ the MP estimate of Hn'

n/n

1. Solution when M is square

Whenth is square,

T V -M0 P

A -1,% :
Hn/n = (Mn) (yn/n-lyn/n-l " 'n n'n “n- 1/n- l M )(M ) : (1)

2. Solution when M is vertical

When Mn is vertical, the MCP estimate for Hn is the same as equation
71 with (Mn)-l replaced by the factor [(MT§‘1M)'1MT§‘1]n
where
= T, T

R =V M2y Pn-l/n-i‘bnMn (72)

The alternate estimate is the same as equation Tl with (Mn)-l replaced by
the factor [(M?M )-lMI].
nn n

3. Solution when M is horizontal

When M is horizontal, the "minimum norm" estimate of H can be ob-
tained by replacing (Mn)- in equation Tl by [Mh(Mth) ] If enough
elements of Hn are already known, then the unknown portion can be estimated
by means of matrix partition and rearrangement of terms to get the equation
into the form where the methods gsed on the square or vertical Mh matrix
can be used:

“T_'\: 'v'I' =¥
(MaHaaMa)n = Yn/n-1Yn/n-1 - Ry (73)
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where

¥ T T. T T
Rn = Rn + (MaHabyb + MbHabMa + Mbebe)n (k)

4, Determination of norms

The norm of the variance of Hn/n cannot be easily determined due to

the c?mplex1ty of Pn-l/n-l'

where Vn is estimated by the MCP method, the minimum possible norm would

-

However, as in the situation of section IV

occur %f Pn were exactly Pn-l/n-l'

~1/n=1

. - -l .
[ (norm)® of H, ) - variencel ; = o[ (M Lom® ), ] (75)

Equation 75 is the minimum-norm case when Mn is square., The other norms

can be obtained by the proper substitutions for M;l. Since

tr(P

. n-l/n-l'Pn-l/n-l) :_tr(Xn

-l’xn-l)’
the MCP estimation method should be better than the MP estimetion method,
and the actual (norm)2 of the Hn/n - variance would be expected to-be

between the minimum~possible MCP (norm)2 and the maximum MP (norm)z.
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VI. ESTIMATION OF BOTH THE MEASUREMENT-ERROR AND RESPONSE COVARIANCES
The situation postulated in this section is that the measurement-
error covarience matrix, V, and the response covariance matrix, H, are

both unknown,

A, Maximum-Probability Estimation of V and H
Maximizing the unconditional probability density function with respect

to both Vn and.Hﬁ results in the two equations,

T
0=Y -yuv¥ -
- ‘n. ‘n'n Vv v
n n
T,-1 S Ty
0=MY (Y-yy)YlM - (76)
nn nnnnnH + H
n
Xn-l > xn--l

There is no possibility that solutions may be obtained for Gn end ﬁn,_as
things stand, since the equations are not independent. Additional condi-
tions or information are needed.

Since Vn and Yn are both r-by-r matrices, the number of unknown
elements of Vn equals the number of known elements of Yn or ynyz. The

number of unknown elements of Hn may be greater than, equal to, or less

e

than the number of known elements, depending upon whether Mn is horizontal,
square, or vertical, respectively., Therefore, some way must be found to
reduce the number of unknown elements in Vn'and possibly some elements of
Hn will have to be known, pa;ticularly if Mn is not vertical.

Until now, the assumption has been that the measureﬁent errors might
be mutually correlated (dependent), but not correlated in time, In many

systems, the measurement errors will be completely uncorrelated
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For such a

system, the number of unknown elements of Vn is reduced from %(r+l)r to -

Jjust r, and

Appendix B,

-

the equations to be solved are expressed, using notation of

as

D[Yn

-
ynyn

e vy)YlM

nnnnn

\
> ()

J

These two equations are independent, so a solution is possible if Mn is

vertical,

<>

_ T
= D[ynyn

Proceeding,

~

-MH MT
nn

Mn‘pnxn lnn

and, using the methods of section V,

oM ]

B o= (00 ™ (ry™-0) e e oo 1

X

(78)
- - (79)
>V
n n
n-1" “n-1

The nature of the D[ ] operation prevents one from. substituting equatibn

78 directly into equation 79 in order to eliminate Vn and solve for Hn‘

The presence of so many Q's, which are functions of V, also prevents one

from substitutihg equation T9 into 78 and solving for Vn.

The alternate estimation method developed in section V can be tried

as a means of obtaining the solutions.

Thus, instead of equation 79, use
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-

- T,=1,T T T =1
L= Larn ™) (ryT-e) e |

(80)

If equation 80 is substituted into equation 78, considerable cancellation

of terms occurs and the result is

~

-~ _ III T
Vy - DINVN T = Dlyy, - Noyvh ]

where

N =M (MTM )'lMT
n_ n nn n

(Nn is an idempotent matrix.)

A typical element of D[NnvnNn] can be expressed as
) - _ ~ a
(DL ), = 4 LD (V) (e,
so & typical diagonal element is
~ _ 2 ~
This can be put back into matrix notation as
c[NnVnNn] = (Nn*Nn) c[Vn]
Thus,

. , f o T T
e[V ] -(f «N ) e[V ] = clyy = NyynN]

A -1 . T T 4
elv ] = (I-N *N )™ cly y - Ny v N ]

(81)

(82)

(83)

(84)

(85)

(86)

With this solution for Vn, it is then a relatively simple matter of sub=-

stitution into equation 80 to evaluate Hn'

The expected value of c[Vn] is
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E[c[e'n]] (I—Nn*l**Nn)-l E[c[.ynyi -Ny yTN 1]

nnnn

(I-N s*IeN )‘l e[y =N Y N ]
n n n. nnn

(I-N *1eN )"l e[V =N VN ]
n n n nnn

el ] R €1

so this estimate is unbiasec=d,

Results obtained in Apjypendix F enable the norm to be expressed.
2 o . L - . 7
[(norm)“ of Vn - variance] = = 'tr{E[(Vn-Vn)(Vn-Vn)]}

=2 tr{(I-N*Njm)'l[Y*I-a(YN)*(YN) + (NYN)a(NYN)](I-N*N)‘l}
. n

- v | (88)
The norm of the varianomce of Fn involves the expected values of crosse

products such as (Vi-Vi)(V j—U-VJ), as shown in equation 30, but for the

particular estimation methodod being used in this section, all of these

cross-products have expecteo=d values which are zeros.

j:ﬂ)]}=o s Tor i # | (89)

This is demonstrated in Appecendix F. Consequently,

tr{E[ (vi-vg(vj-v

—

[(norm)2 of V, - variance] (90)

i

LI o I =]

[(norm)® of ¥_ - variance] = = 1—5
7 n i=l

The develoiament of the = norm expressions for the 4variances of ﬁn and
ﬁ'n is rather difficult sincece the estimates of the V's are involved.
g Fortunately, these norm expxoressions are not required for the purpose of
invéstigating whether or notiot convergence of the averaged estimates can

occur, Equations 88 and 90 O indicate that averaged estimates for the V's
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are expected to converge when the system is asymptotically stable,. So,
when n becomes large, V; differs from Vn by negligible amoupts and the
situation becomes virtually #he same as péstulated in section V where

Hh is estimated when Vn is known. Therefore, the condition for conver-

gence of ﬁ; is that the system be asymptotically stable.

B, Maximum-Conditional-Probability Eétimation of Vand H
When the conditional probability density function is maximized with
respect to Vn and Hﬁ, much the same problems arise as with the MP estima-

tion method., The only difference is that Xn is replaced by Pn/n-l and

4"
Yn by yn/n—l' Thus,

c[{I:n/n] = (I-Nn*ﬁn)-l.c[gn/n-lgi/n-l - Nn;n/n—lyi/n-an] (91)
B o = L0000 (G5 -0 ™ - ¢;1'1?n_l /n_léi ., (92)
The‘minimum norm for the ya;iance of Gn is p
[ (norm)? of.\’}n - variance] . -2 tr{(I-NV*N)-J‘[C*C-Q(CN)*(CN)
+ (NCN)*(NCN)](I-N*N)'-l}n | (93)
The minimum norm for tpe'variance of ﬁn is
[(norm)2 of ﬁn - .variance]min = T[(MTM)-IMTC M(MTM)-J']n (9k)

As has been stated in other sections, the actual norms of the variances
will be greater than these minimum-norms and, if enough measurements are
used to obtain good averages of estimates, the actual norms should-be less

than the worst-case norms obtained for the MP estimates.
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VII. SUMMARY AND CONCLUSIONS
By the process of choosing those values for Vn and/or Hn which are
most probable (i.e., cause a probability density function to be maximum)
and then averaging, reasonable estimates can be found for the measurement-

error covariance matrix, V, and/or the respomse covariance matrix, H,

When the initial system-state covariance, XO, is known for the MP estima-

0/0 is known for the estimate of X, when using the MCP

estimation method, then all of the estimates are unbiased,

tion method, or P

The individual estimates (prior to averaging) which were developed in
the preceding sections are summarized as follows:

1., When V is unknown, the MP estimate is
o T T
Vo = ¥o¥n - WX ‘
snd the MCP estimate is

‘_f\,"\.T -— T
Yy = Yn/n-1¥n/n-1 ~ MnPn/n-an

where Pn/n-l is a function of previdus estimates of V,

2. When H is unknown, the MP estimate is
~ "'l
A T =T

By =My (ynyn N Qn?Mn >
if Mh is square;

s Tewm]l (=l Tomwl T =y T =1 =1

H o= [0 0™ 8] (v v, - @ ueda™n ™
if Mn is vertical and the inversions are not too difficult, or
. SN 7 T =1

o= (00" ] (yys - Q) [0~

if Mn is vertical and 5; is not easily‘inverted; or
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~

o= om0 ™ (v vt - ) 10e0) ]
wh;ch is the minimum-norm estimate if Mn is horizontal. If
enough of the elements of H are.known, metrix partitioning
may be used to convert from a situation in which Mn is horizontal
to one in which the technigues used for Mn being square or verti-
cal can be applied. Tﬂe MCP estimates are similgr to the MP
estimates:” 6; is replaced by ﬁ; and Y is replaced by ;ﬁ in the
equations,

3. When both V and H are unknown, but M is vertical and V is known

to be a diagonél matrix, the MP estimates are

i -1 T T
c[vn] = (I-N%N) c[ynyn - NnynynNn]

RPN, O R T = T -1 = T
B o= [(rm)™ 0] (y oy = V) IMMCM)™T] -0 X ¢

and the MCP estimates are similar, with i;_l replaced by F#-l/n-l
and Y, replaced by ;n. '

The MP estimators are the easiest to use, but the accuracies to be
obtained aré not expected to be as good as those obtained by use of the
MCP estimators. The MCP estiﬁators are considersbly more difficult to
apply since, at each measurement time, averages of previpus estimates must
be substituted into the Kalman filter equations to find approximations to
fhe W and P matrices and make a priori estimates of the y's, Of course
the ultimate objective is to form these Kalman filter parameters so that
the state vectors can be estimated, so there is no particulér saving in

computational labor by using the MP estimators instead of the MCP

estimators. ' ‘ < .
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The examinations made of the estimation-variance norms result in the
conclusion fhat all of the averaged estimates converge if the system is
asymptotically stable and the parameters being estimated are time-
stationary, or nearly so., Thus, there would appear to be no reason why
these estimators could not be used to adapt a Kalmen filter to a system
with unknown V and/or H which may be varyiﬁg in time slowly with respect

to the measurement sampling rate,
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X. APPENDIX A

- Differentiations of certain matrix functiong with respect to a matrix
are required. The procedure used is to perform the differentiation with
respect to a general element of the matrix first, using summation notation,
and then converting'to the equivalent statement in matri# notation,

The following symbology is used: if Z is a matrix, then:

1. IZI denotes the determinant of Z,

2, ziJ or (Z)ij denoﬁes the ij'th element.of Z,

. 3. IZJi|dengtes the cofactor 9f 2y4 OF (Z)ij'

02 :
alz] _ ij - idg =
1 Azl g T 12yl -izj(amstJil)-|z |

3z .
m i,] mn

Oe Q%%l = adjoint (Z)

o(z. ,+b,
o, Azal g 2 ) - ||
—_— azmn i3 azmn Ji Ji nm

y AJ%'ZEJ- = adjoint(Z+B)

5, dlEzFsB| _ | a(kz.leikzsz&j +bidq |
= T Ty T Jl(EZF+B) jal= z [ 1 EZF+B) sl

i,J

I

o SLEEEEBL gl ogjoint (EZF+B) IFT

9%
a(aTZb’) T 3% T
)4. i, = g e——D =8 b=ab
— °Z 0z mn mn
mn mn

where €n is a matrix that has zeros for all its elements except for the

mn'th element which is one.



L2

Y2
-1 -1
5, Azz ). 22 -1, 82 o 3
AN 92 9z 0% 3z
'mn mn mr
a7t -1 3% -1 -1 -l
So so—=-l 5= ==L ¢ I
L. Zn mr
. -1
3(a’Z lb) - T, -1 = = T -
6. =El= o (a2 )e (2 ) = - (z a) (2 lb)n
mn . -
T - -1 -1
. 2_(_&_8_2__1_bl = ..ZT a‘bT ZT
Z .
T -
7. 3(a (§+B) L) - _ aT(Z+B)-l€ (z+B)"Yo
I 2 mn )
mn
T, - -1, -1
. e (zgg) B) (z+3)7  ab’ (248)"
T -
g, ola (§ZF+B) 1] = - al(EZF+B) 1Ee F(EZF+B) b
— VA mn
mn
. . _ -1 =1
. 3la (E§§+B) b1 = _ ET(EZF-!-B)T b (EZF+B)T FT

9., Example of matrix differentia$ion problenm

Some of the preceding matrix derivatives are employed in finding the

~

derivative of a somewhat more elaborate function, of which the multivariate

e

Gaussian probability density is a special case,
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|: - :‘21' - -[a (EZF+B) lb]l
|EZF+B |
32
1 T -
=_41 ET[&djoint(EZF+B)]FT - §[a (EZF+B) lb]
2 |Ezr+8]3/2
1 1,..T -
-3 _LaN(mrem)ho)
+ HEmres| 26 2

-1 -1

. ET(EZF-D-B)T abT(EZF-!-B)T FT

i - % - %[aT(EZF+B)-lb]
- §1EZF+B| e

-

-1 T ~1 -1

« [ EN(Ezr+B)T FF - EL(EzF+B)T abl(EZF+B)T FY)
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XI. APPENDIX B

éome non-standard matrix operations are required in order to express
certain relafionships wﬁich the standard matrix operations cannot express.

If Zfis a square matrix, then D[Z] is defined to be & square matrix
whose major diagonal elements are identical to the corresponding major
diagonal elements of 7 and whose off-diagonal elements are all zeros.

If Z is a square matrix, then c[Z] is defined to be a column vector
whose elements are the corresponding major diégonal elements of Z,

If T eand Z are two matrices with the same numbers of rbws and columns,
then (T#Z) is defined to bé a matrix, also with the saﬁe numbers of rows
and columns, whose elements are the simple pfoducts of the corresponding
elements of T and Z.

Certain useful relationships between these defined operations are:

1. D[z] = Z#I

p[z]

2. D[c[Z]°lT]

L}

T)

3. 1Te(2%Z)e1 = tr(2-Z

b, (2%2)e1 = c[2z°27]
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XII. APPENDIX C
The expected values of two different matrix products involving an
estimate of V are required,

-

l. The variance of V

Bl (V-V)#(-0)] ;= Bl - Dxly” - 1],
= Elyyy) e lrgyy) - 20y )e (D) + (X1

= [2(Y)2, + (Y)..(Y)..] - 2(¥)2, + (¥)°
ij : ii i} ij

JJ

2
(1),

+ (1);(0)

E[ (V-V)%(V-V)] = (v#¥) + c[¥]ec[¥]T

2. The norm of the variance of V

[(norm)2 of G - variance] = tr{E[(GeV)(§~V)]}

B[ (-V)(V-V)] = Bl D) y™-0)];,

= E[ﬁ Yy = ¥y = Dy + (1), (1),

B2, (D + (0350 - (D)

LTy (X + {Y)§;<Y’kk1

B[ (V=V)(V=V)] = YoY + Y tr(Y)

[(norm)2 of V ~ variance] = tr[Y-Y + Y tr(Y)]

= tr(Yey) + [tr(y)]
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XIITI, APPENDIX D
The expected values of several products involving estimates of H's are
needed. These are determined in the following sub-sections, for a square
M, |

1, DNorm of Hl-variance

[(norm)z of H -variance] = tr{E[(ﬁl-Hl)(ﬁl-Hl)]}

1

-1
- R U BN
H=Hy = M7 (yyy) - Y30

-1 _1
- A -1 ) T -1, T T

-1
Gy My 1)
1
B

T. M—l

_1
E{ I [yiyk(MT ML)
K, 2

-1 ' -1
T 1 el |
-(YM™ M )iEyZYJ + (™ M Y)ij]l}

-1 -1

T M‘ly)ij + (Y)iz(Y)kJ(MT M

z {[(m
k,£

‘ -] -]
+(Y)iJ(Y)£k(MT Wyl - (o ity )

vt 1

E[(ﬁl-Hl)(ﬁl-Hl)] = le[YM MY +Y tr(YMT M‘l)] M

~1

A -1
= (M ~YM )l[(M_lYMT

), + T sr(M Lyt )]
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1

- -] -
[(norm)2 of Hl-variance] = tr[(M_lYMT )l(M"lYMT )l]
-l
+ [tr(M‘lYMT .)1]2
]l
I
= T[(M "M )1],
as defined by equation 49,
2. DNorm of flz-variance
- -1, T p-t T
H-H, = (M (yy =V)M ]2 - 9,X 9, - H,
' -1 | T o=l - T
= [M “(yy =-Y)M ]2,- ¢2(H1-Hl)¢2
-1, T gt -1, T L.
= [M (yy -Y)M ]2 - ¢2[M (yy -¥)M ]1¢2
. . I -1, Tt 7
tr{E[(H2-H2)(H27H2)]} = T[(M "YM )2] + T[¢2(M ™ )1¢2]
-1, T T;l -1, T =L
-2 tr{Mé. E[{yy -Y)2M2 ¢2Ml.(yy -Y)l]Ml ¢2}
T o\ TE 1, T
E[(yy -Y)2M2 oMy (yy -Y)l]
_ T
= E{{(M2¢2xl + Mg, + v2)(M2<§2xl + Mg, + v2)
T T T |
= Ml Ky My = MoHM, = Vi 2gMy
[(M.x +v.)(Mx + v )T-MXMT-V:]}
1M1 1/Y171 1 1171 7 "1
o T T T T
= M,0,[X (9,9,) X, + X tr(e e X, ) M)
2 - | -1, ot 1ork op
{{norm)~ of H2-variance] = T[(M YM )2] +—g£¢écm YM )1¢2]
T

-2 T[¢2x1¢2]
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3. Norm of H

jasi]

3-variance.
H-H. = [M'l(ny~v)MT—l] - 0% 0. - H
373 3 372°3 3
Then, if T =o0Xor +H
> 2 2%172 2.
-1 .
a ol T T - - T
Hy-ly = [M (yy'=x)M™ 15 = ogle,(X)-X))e, + (Hy-Hy)leg
= tM'l(ny-Y)MT-l] - o [0 (ﬁ -H )9, + (ﬁ -H )]¢T
- 3,7 "3t2t1T1e 27727973
~H_ = [M‘l( 'T-Y)MT-l] - 0.0 [M'l( T—Y)MT-l] oor
373 vy 3~ %3% vy 1%2%3
- {[M’l( T-Y)MT-l] -9 [M‘l( T-Y)MT-l] @T}¢Tl
3 ¥y o = FptH VY 1%27%3
= [M‘l(ny-Y)MT-l] -0 [M‘l(ny-Y)MT-l] ot
3 3 2°3

Since the form of this equation is the same as for (H2-H2), then the

réSulting norm of the- variance of H_ should also be the same form as the

3
norm of the variance of H2. .
2 - 1.1t 1,1
[(norm)© of H_-variance] = T[(M M~ )_] + T[o_ (M M ),.0.]
3 . 3 3 _ 2°3
T
-2 T[¢3x2¢3]

L, Norm of Hn-variance

By induction, the norm of the variance of Hn can be specified provided:

— _ -— T ~ . . . .
that Xn-l = Qn-lxﬁ-zén-l + Hn-l' With this stipulation on how previous

estimates of H are incorporated, the norm expression is

n-ln

- -1
[(ﬁorm)2 of Hn-variance] = T[(M-lYM¢ )n] + T [@n(M ™

T
-21ex o]
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5. Norms of cross-products

B[ (H,-H,)(§,_-H, )]

i-1
_1 ‘ -1

= By 1 - e Dy n® D, el

-1 -1
-1, T _..T 1, T .. T

= ¢.[x X, x tr(@ X,

1—l 1i7i-1 p l)]

T
i-1

T
- 030, 11K % 1005 0%y o+ Xy ptR(05 10,0, X, o)]e

-1 ' -1 |
-1 T -1 -1 T
- oM. [ ( )Yi-l Y, _ ltr(M

Mg o.M M

YoM %My AL 1)] -1

T

T T
502518105 1 %50 * Xy _otr(e,_,0.00 oX. J)]e

+ o0, ,[X 1-123%5-1%5 07 1%

i'i-1

= (9, xl 1)[(@ X._ ) + I tr(¢>i . l)]
-1 -1

-1y, T
) + I tr(oM; oY 1-1%- 1)1

l T

- (e, Ml 1¥5-M5 1)[(¢ M1 1Yi-aM501

| B
{(norm) ofE[(H -H, )(Hl i 5o 1)]} T[¢1Xi l] - T[@i illYi 1 ? l]

-H,)]

J i>j+l

-1, T 1 -1, T oL T
By =0 ] = o, [ (7= ]y _j04]

E[(ﬁi-Hi)(ﬁ

-1
SRS DR JUR. T
- o M (yy =Y ]J~1¢3]}

x,)]

-]
o [ Y yy vt 1,

¢i---oj+l{[x3¢i J+lxJ + x tr(¢ j+l 3

- 9,.[X ¢T¢ veed X

150050 0g%yy * Xy )o3)

tr(¢ o, J J -1
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- ¢i---¢3+l{[qu>i ,j+lx,j + thr(d’ j-l-lxj)]
;q> [x ¢T¢ seed X +X £r(¢T¢ .o )]¢ }
JUi-17g 1 J7i-1 J-1 Ji JJl

=0
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X1V, APPENDIX E
The development of a matrix inversion lemma, essentially as given by
Horst (2), is presented here because it also suffices to provide a matrix

identity which is of some use.

if Y=Q+ MHMT

Qv+ vyt
qrt =1 -yt

-l = Q"l - -]1 Hﬂ [TY-l . (El)
v+ g haeyt = g7t

Yyt + byt = mtQt

then I

(rt + vrg Tyt = Mgt
Bt Gl 0 PR VL VO R VT (E2)

Thus, the matrix identity is
, MTY—l - H-l(H-l +-MTQ-1M)-1MTQ-1
The matrix inversion lemma results from substitufing equation E2 into

equation El.

T A N S R M o



52

XV, APPENDIX F
Certain norm expressions are required for the estimate of V obtained
in section VII where V is known to be diagonal end M is vertical.

l, Norm of variance of V

(V=] = (I-1#N)"Lec[ (yy =Nyy'N) = (V-NVN)]

[(norm)2 of V-variance] = tr{E[ [G—V]-c[G-V]T]}
= tr{(I-N*N)‘lE[c[ny-NnyN - V + NVN]

T

celyy -Nyy'N - V + NvN]T](I-mem) "t}

T

{E[c[ny—NnyN-V+NVN]'c[ny-Nyy N-V+NVN]T]}iJ

B[y’ - zﬂ(N)ikykyK(N)ﬂi - (vervn), ]
. v. k,

2 . '
'[yJ - mi’?n(N)jmymyn(N)nJ - (V-NVN)JJ]}

(Y-NYN;V+NVN)ii-(Y-NYN-V+NVN)JJ
E 2(Y)§J - 2(YN)§3 - 2(1\1&)?J " 2(NYN)§J
= 2[(3{)’;‘:j - 2(YN)§J + (NYN)?d]
[(norm)® of V-variance] = 2 tr{(I-N«N)">[y¥y-2(YN)#*(¥N)

+ (NYN)#(YN) ]( T-Nan) 1)
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2. DNorm of cross-—products

[(norm)® of (Gn-vn)(?'/i-vi)] = tr{E[c[Gn-vn]-c[Gi_vi]]}

= tr{c[Y -N Y N =V 4N V. I Jec[Y.«N,Y N, -V.=N.V N.]T
n nnn n nnan i 1711 171 i”

. )
+2(M 6 eeed XML )R(M @ eeed, X M)

XM.N, )%(M & eosd. _X.MN.)
111 nn 1

- (o eeve, 141%404

1

+ 2(I\Inan)n"Ml’i-i- XiMiNi)*(Nnan’n“”Pi XM;N, )}

1 +17i i1

=0

In the above development, n > i,
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